Advanced Powder Technology 34 (2023) 104106

journal homepage: www.elsevier.com/locate/apt

Contents lists available at ScienceDirect

Advanced Powder Technology

Advanced
Powder
Technology

Discrete element modeling of granular hopper flow of irregular-shaped

deformable particles
Zhengshou Lai?, Yidong Xia"™*, Qiushi Chen“*

2School of Civil Engineering, Sun Yat-sen University, Zhuhai 519082, China

Check for
updates

b Energy and Environment Science & Technology Directorate, Idaho National Laboratory, Idaho Falls, ID 83415, USA

€ Glenn Department of Civil Engineering, Clemson University, Clemson, SC 29634, USA

ARTICLE INFO ABSTRACT

Article history:

Received 2 March 2023

Received in revised form 25 April 2023
Accepted 27 May 2023

Many natural and engineered granular materials have relatively deformable particles. Besides particle
size and shape, particle deformability is another salient factor that significantly impacts the material’s
flow behavior. In this work, the flow of irregular-shaped deformable particles in a wedge-shaped hopper
is investigated using discrete element simulations. A bonded-sphere model is developed to simultane-
ously capture irregular particle shapes and particle-wise deformations (e.g., compression, deflection,
and distortion). Quantitative analysis of the effects of irregular shapes and particle deformations shows

S?Zggtrgsélemem method that the increase in particle stiffness tends to increase initial packing porosity and decrease the flow rate
Hopper flow in the hopper. Rigid particles tend to have clogging issues, whereas deformable particles have less chance

to, indicating particle deformation reduces the critical bridging width in the hopper flow. Detailed anal-
ysis of stress fields is also conducted to provide insights into the mechanism of particle flow and clogging.
Stresses and discharge rates calculated from numerical simulations are compared and show good agree-
ment with Walker’s theory and the extended Beverloo formula. Simulations with various particle shape
combinations are also performed and show that the initial packing porosity decreases with an increasing
percentage of fibers while the discharge rate has a complex dependency on particle shapes.
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Deformable particles
Flow characteristics
Discharge rate

Technology Japan. All rights reserved.

1. Introduction

Hoppers are wedge- or cone-shaped bins used for storing and
discharging granular materials. They are widely used in many in-
dustries such as mining, food, chemicals, agriculture and manufac-
turing. Although most hoppers are simple in geometric
configurations, the discharge flow dynamics can be complicated
due to the influence of various factors related to the geometry of
the hopper and the characteristics of the flow media. Hopper de-
sign is critical because inappropriate design can result in poor op-
eration performance and even equipment or functionality issues
(e.g., clogging and ratholing) [1]. Therefore, great efforts, including
both experimental and numerical efforts, have been and will con-
tinue to be made to better understand granular hopper flow.

Due to the discrete nature of granular materials, the particle-
based discrete element method (DEM) [2] has emerged as the most
preferred numerical tool for modeling granular hopper flow and
understanding the flow behavior based on the micromechanics of
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granular materials. There have been a plethora of DEM-based nu-
merical studies on granular hopper flow over the past two decades.
Some of the previous studies focused on investigating the intrinsic
characteristics of granular hopper flows, such as stresses in the
flow media and on the hopper wall [3,4], flow patterns (e.g., mass
flow vs. funnel flow) [5,6], flow dynamics and fluctuations [7-9],
and the segregation behavior [10,11]. Other research put more em-
phasis on the effects of hopper geometry on the flow behavior, in-
cluding hopper shapes [12] and orifice sizes [13]. The effect of
material attributes and particle-scale parameters on the flow be-
havior has also been an important consideration in recent DEM-
based studies [3,14-20]. Parametric studies on the contact stiffness
[3], the particle-particle contact friction [3,15], and the particle-
wall contact friction [21] have been conducted to gain insights into
the sensitivity of granular hopper flow to the microscopic contact
parameters. In terms of modeling and quantifying effects of irreg-
ular particle shapes, super-quadrics [14], clumps of overlapping
spheres [16,17], and ellipsoids [18] have been proposed and em-
ployed in DEM simulations of granular hopper flows.

The aforementioned DEM-based numerical studies of granular
hopper flow considered and modeled individual particles as rigid
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bodies without any particle-wise deformations (e.g., compression,
deflection or distortion). For granular materials with relatively
rigid particles (e.g., sand and pharmaceutical pills), such consider-
ation works well, and particle sizes and shapes are known to be the
primary factors affecting their mechanical behavior and flowability
[14,22]. However, many natural and engineered granular material-
s, such as woodchips, corn stover, and switchgrass, have con-
stituent particles that may exhibit substantial deformations even
under low external loads [23-25]. In addition to particle sizes
and shapes, particle deformation is another important factor that
should be accounted for when studying the flowability of these
materials. Therefore, although granular hopper flows of different
scenarios have been extensively studied via DEM, the observations
and conclusions from these previous studies suit only rigid particle
flows and may not be applicable to flow of irregular-shaped de-
formable particles.

To account for deformations of irregular-shaped particles in
DEM, the prevalent approach in recent years is to employ the
bonded-particle model, which was initially devised by Potyondy
and Cundall [26] to model fracture initiation and evolution across
mineral grains in rocks. In the bonded-particle model, an irregular-
shaped deformable particle is represented by a cluster of base ele-
ments such as spheres [27], cylinders [26,28], and sphero-cylinders
[29]. The base elements are connected by bonds (or joints), on
which bond models are imposed to transfer forces and moments.
Bonded-particle DEM models have been developed and applied
to investigate the packing [29], compression [30,31], and shear
flow behavior [27] of flexible fibers, the separation of grain-straw
mixtures [28], and the mechanical behavior of biomass feedstocks
[32-35]. However, the granular flow of irregular-shaped de-
formable particles, which has wide applications in biomass logis-
tics and biorefinery processes [36-38], remains a topic less
explored. Key knowledge gaps exist in modeling the hopper flow
of such materials and in understanding the effects of irregular
shapes and particle deformations on the hopper flow behavior.

Besides the bonded-particle approach for modeling deformable
particles, other approaches also exist to model deformable parti-
cles as a single object and employ analytical or numerical methods
to evaluate its deformation. For example, Zhou et al. [39] dis-
cretized the surface of a particle into a set of pseudo nodes and par-
ticle deformation is achieved by the update of velocities and
positions of the pseudo surface nodes according to accurate force
analysis. Rojek et al. [40] considered that a particle is subjected
to a uniform stress field, which is estimated from all the contact
forces subjected by the particle. The strain could be then calculated
and the particle deformation is obtained by integration of the par-
ticle strain. Cantor et al. [41] and Vu et al. [42] adopted the finite
element method to simulate the deformation of a particle. In a sim-
ilar fashion, the material point method was adopted by Nezam-
abadi et al. [43] for modeling the compaction of plastic particle
packings. The advantages and disadvantages of those approaches
vary regarding their accuracy and computational efficiency.

The primary goal of this work is to develop a DEM-based ap-
proach to model and investigate granular hopper flow with the ca-
pability of embodying different particle sizes, irregular particle
shapes, and more importantly, particle deformations. For this pur-
pose, a bonded-sphere model is developed to represent irregular-
shaped deformable particles in DEM. Loblolly pine woodchips are
the deformable granular materials used for conceptualizing irregu-
lar shape templates and calibrating the contact parameters in the
DEM model. As a major contribution, the flow characteristics of
irregular-shaped deformable particles in a wedge-shaped hopper
are analyzed in details and compared with those of spherical par-
ticles and rigid particles. The particle and wall stresses are also
compared with Walker’s theory and the discharge rate are bench-
marked against the extended Beverloo formula. To further under-
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stand the effects of particle shapes and deformations, parametric
studies on the particle bond stiffness and shape combinations are
carried out. The analysis and findings demonstrate the importance
of particle deformation effects. The methodology and workflow
presented in this study can be conveniently extended to model
and study granular flows of hoppers with different geometries
and with particles of wider variations in size, shape, and
deformability.

The remainder of the paper is structured as follows: Section 2
presents the formulation of the bonded-sphere DEM model for
irregular-shaped deformable particles. The model is then used to
set up granular hopper flow tests detailed in Section 3. Section 4
presents simulation results and detailed analysis on the effects of
irregular shapes and particle deformations on flow characteristics.
The conclusions of the present study are summarized in Section 5.

2. Bonded-sphere DEM model

In this section, we present the formulation of the bonded-
sphere model for the representation of irregular-shaped de-
formable particles in DEM. For completeness, DEM basics and the
adopted inter-particle contact model are also briefly described.

2.1. Bonded-sphere model for deformable particles

In the bonded-sphere model, spheres are used as the base ele-
ments and are connected by bonds (or joints) to form clusters that
represent irregular-shaped deformable particles. In this work, we
use the term “particle” to refer to a cluster of bonded spheres.
Fig. 1 shows the sketch of the bonded-sphere model and its rheo-
logical components. In this model, multiple spheres (e.g., two
spheres shown in Fig. 1) connected by bonds form a “particle”.
Bonds can be regarded as special contacts that carry forces and mo-
ments, allowing the connected spheres to have relative displace-
ments when subject to external loads. The deformation of the
particle is then reproduced from the overall effects of relative dis-
placements between the spheres within the particle. To describe
the bond behavior between base spheres, the linear parallel bond
model [26] is adopted in this study. It is a simple yet effective mod-
el that can describe both the relative translational and rotational
displacements of bonded spheres. More complicated bond models
such as the rolling resistance model [44-46], the elasto-plastic
model [47,34], and the visco-elasto-plastic constitutive model
[48], can also be used to accommodate the modeling needs of
specific materials.

As shown in Fig. 1, in the linear parallel bond model, the bond
between two spheres is assumed to be a cylinder of finite radius
and thickness. Each point in the bond is imposed by two linear
elastic springs providing normal and shear resistances, respective-
ly. The overall bonding force and moment are the integral of the
normal and shear stresses at the cross-section of the bond. In the

calculation, the bond force F? is separated into two parts: normal
force F? and shear force F’; and the bond moment M? is also sep-
arated into two parts: twisting moment M and swinging moment

M?. The incremental form of these components can be written as
[26]
b -
AFY = KPAAS, (1)
b <
AF? = KA, (2)
AMP = K’JAO, 3)
AM? = K1A6; (4)

where d,, ds, 0, and 0 are the relative normal displacement, shear
displacement, twisting rotation, and swinging rotation between
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Fig. 1. Sketch of the bonded-sphere model and its rheological components (symbols explained in the main text).

the two bonded spheres, respectively; A,I, and J are the area, the
moment of inertia, and the polar moment of inertia of the bond

(i.e., the bond cross-section with radius R), respectively; and A
indicates the increment of each variable at each time step. Bond
damping (i.e., 1, or #,) is currently not considered in this
formulation.

An added advantage of the bonded-sphere model is its capabil-
ity of modeling particle breakage by allowing a bond to break, as
demonstrated in [34]. As an example of a common bond breakage
criterion, one can assume that a bond would break if the maximum
normal or shear stress at the bond exceeds the corresponding nor-
mal or shear strength. In the linear parallel bond model, both the
normal force and swinging moment contribute to the normal
stress, while both the shear force and twisting moment contribute
to the shear stress. In this study, particle breakage is not consid-
ered since the focus is on granular hopper flow. It is also noted that
the bonded-particle approach can be applied to model very large
particle deformation as well as conformal and non-conformal con-
tact problems. For example, by using extremely fine spheres, this
approach is capable of reproducing the scenario where a soft ball
deforms into an approximate plane when hitting a rigid wall. How-
ever, there could be a numerical stability issue that, in the case of
extremely high impacting velocity, the forefront spheres could
penetrate into the inner layers of spheres, resulting in spurious
sphere interactions. A careful consideration of the critical timestep
is required to avoid such an issue. In addition, the particle defor-
mation behavior could depend on the bond configuration, which
may deviate from the continuum-based elastic deformation behav-
ior. The situation could be worse in the case of large contact con-
formal deformation.

2.2. Intra- and inter-particle contacts

In the bonded-sphere DEM model, we distinguish two types of
contacts. The first type of contact is termed the intra-particle con-
tact, which refers to the contact between base spheres within the
same multi-sphere particle. The second type is termed the inter-
particle contact, which refers to the contact between spheres of dif-
ferent particles. For the intra-particle contact, its contact forces are
calculated based on the linear parallel bond model described in
Section 2.1. For the inter-particle contact, we adopt the Hertz-
Mindlin contact model, which is a complete frictional contact mod-
el based on the Hertz theory [49] for contact normal forces and the
Mindlin theory [50] for contact tangential forces. It takes into
account the stiffness variation due to the change of contact areas
during the collision of two elastic spheres. Normally, the Hertz-
Mindlin contact model can be characterized by four parameters:
Young’s modulus E, Poisson’s ratio v, the coefficient of restitution

e, and the coefficient of friction x. The formulation of the Hertz-
Mindlin contact model is presented in Section A, and the interested
readers are referred to Mindlin [50], Di Renzo and Di Maio [51] for
more details.

Once the contact models are chosen, a typical DEM computation
cycle involves four key steps as shown in Fig. 2. For the first step,
motions (e.g., positions and velocities) of all particles in the system
at the current state are known and particle contacts are detected
based on geometries and positions of all particles. Then, contact
forces and moments are calculated based on the selected contact
models and the contact features associated with each contact. In
the third step, all external forces and moments experienced by a
particle are summed and cast into the Newton-Euler equations
to calculate the particle acceleration. Lastly, the velocity and posi-
tion of each particle are obtained by integration of accelerations
over time, where the second-order Velocity Verlet algorithm [52]
is commonly adopted. The process is repeated for every particle
in the system and for every time step, in which motions of and in-
teractions between particles are fully resolved. Details of the gov-
erning equations and integration scheme are not presented in this
work as they are well-established and can be found in DEM refer-
ences such as [2,53,54].

3. Setup of the hopper flow test

In this section, we describe in detail the setup of the granular
hopper flow test, including materials and calibrated DEM model
parameters, the geometry of the hopper, the testing procedure,
and methods for postprocessing. As for the DEM code, we use
LIGGGHTS-INL, an open-source, capability-extended version of
LIGGGHTS [55] that has been adopted in a number of recent
DEM studies of deformable granular materials [56,57,33,34,58,59,
35,32].

3.1. Materials and calibrated DEM model parameters

The materials being referenced in this work are the loblolly pine
woodchips, which are commonly used as a biomass feedstock for
conversion into biofuels or biochemicals. Fig. 3 shows a picture
of the loblolly pine woodchips. While the woodchip samples con-
sidered in this work consist of various complex shapes, it is ob-
served that these shapes can be grouped into two basic types,
the fiber-shaped and the plate-shaped. Hence, in the DEM model,
the fiber and plate templates are used to generate particles. As
shown in Fig. 3, the fiber template is built from five non-
overlapping spheres in one row, and the plate template is built
from ten non-overlapping spheres in three rows. The base spheres
have a radius of 1 mm and are bonded with their neighboring
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Fig. 2. The workflow and calculations of one typical DEM computational cycle. #,.<7 and Z indicate the general forces, accelerations, and positions of a particle. A generic

contact model is shown in the workflow.
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Fig. 3. Picture of the loblolly pine woodchips considered in this study and the two conceptualized shape templates for the bonded-sphere model.

spheres using the previously introduced bonded-sphere model.
This conceptual simplification of shape templates greatly reduces
the computational expenses while retaining the most prominent
feature of particle shapes.

It is worth noting that if there is an overlap between two bond-
ed base spheres, there will be a large repulsive force between these
two base-spheres when the bond breaks. To prevent such an issue
that could potentially cause DEM program errors, in LIGGGHTS, if a
bond breaks and the base spheres overlap, the overlap will be set to
zero so that no sudden repulsion takes place. This is handled inter-
nally by having an offset value that shrinks the overlap to zero once
the base spheres start drifting apart. In addition, in cases where a
base sphere is bonded with a specific set of neighboring base
spheres, the sphere may experience significant displacement and
make contact with another neighboring base sphere that is not ini-
tially bonded with it. Such cases may arise when a particle under-
goes significant deformation. This issue could result in spurious
particle behavior due to the additional intra-particle colliding
interactions.

As most of the contact parameters in DEM are difficult, if not
impossible, to be directly measured in experiments, a parameter
calibration process is therefore needed. There are several excellent
reviews in the literature discussing the procedures and challenges
of calibrating contact parameters for a DEM model [60-62]. Usual-
ly, the calibration process aims to match benchmark metrics by
varying contact parameters. In our recent publication [32], we have
calibrated the contact parameters of the bonded-sphere DEM mod-
el using data from compression tests conducted on loblolly pine
woodchips, and the calibrated DEM model parameters for wood-
chips are summarized in Table 1. Among these parameters, the
particle density was measured from physical experiments, and
the radii of base spheres and parallel bonds were determined based
on the characteristic size of the woodchips being studied. The Pois-

Table 1

Calibrated model parameters of the woodchip samples (adopted from [32]).
Parameter Symbol Value Unit
Density 05 430 kg/m>3
Sphere radius R 0.5 mm
Young’s modulus E 10 MPa
Poisson’s ratio 4 0.3 -
Coefficient of restitution e 0.1 -
Coefficient of friction n 0.5 -
Bond radius RP 0.5 mm
Bond normal stiffness K 10 GN/m?
Bond shear stiffness K 0.6 GN/m?
Wall Young’s modulus Ew 1.0 GPa
Wall friction coefficient oy 0.5 -
Timestep At 2.0 us

son’s ratio has a minimal influence on bulk behavior and a typical
value for woodchips was set. A small coefficient of restitution was
used considering the characteristics of woodchip particles. In addi-
tion, by envisioning a parallel bonded particle as a continuous elas-
tic beam, the bond normal stiffness can be related to the material

Young’s modulus (E) and particle radius (R) [26], via kﬁ = 2ER. The
calibration thus mainly focused on Young’s modulus and contact
friction. It was conducted through parametric studies of cyclic uni-
axial loading tests that considered various values of Young’s mod-
ulus and contact friction. The Young’s modulus and contact friction
were then determined by comparing the stress—strain histories be-
tween the laboratory experiments and the DEM simulations. It
should be noted that both the Hertz-Mindlin contact model and
the parallel bond contact model involve a stiffness parameter that
characterizes the (hyper) elastic stage of the force-displacement
contact behavior, and both stiffness parameters can be related to
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the same Young’s modulus (E), i.e., the continuum-sense Young’s
modulus of the material. The wall friction coefficient is set at 0.5,
which higher than the value of 0.1 used in [32] to account for
rougher wall materials used in the hopper flow test. The parame-
ters summarized in Table 1 will be used in the subsequent hopper
flow simulations.

3.2. Setup of the hopper flow tests

The sketch of the wedge-shaped hopper modeled in this study
is shown in Fig. 4. In the corresponding DEM model, two surface
meshes comprised of triangular elements are used to model the
hopper walls. To minimize the computational cost, only a thin
cross-section of the hopper is considered with a depth of
t, = 0.01 m in the y-direction, which is statistically sufficient com-
pared with the particle size. A periodic boundary condition is pre-
scribed for the domain boundaries in the y-direction. The initial
particle packing is created following a rainfall method [63]. In par-
ticular, a given number (or mass) of particles are repeatedly insert-
ed in a region above the hopper. The particles are then allowed to
fall into the hopper under gravity. Once the hopper is filled up to a
target height (0.18 m in this study), the particle insertion is
stopped. Then, the particles in the hopper are allowed to settle un-
til the packing reaches equilibrium. A criterion of equilibrium is to
monitor whether the maximum sphere velocity among all the in-
serted particles has decreased below a threshold value (5 mm/s
as specified in this study). Once the equilibrium is reached, extra
particles that are above the target height are removed. Lastly, the
particle packing is allowed to equilibrate again, in case that the ac-
tion of particle removal induces disturbance to the packing.

For the discharging process, we follow a procedure similar to
the hopper flow experiments reported in [36], which is designed
to measure the critical arching width of biomass materials under
self-weight and extra surcharge pressure. In this process, the hop-
per walls are first gradually raised along their tangential direction
at a speed of 0.1 m/min. The size of the hopper orifice is thus grad-
ually enlarged in time. The material critical arching width is then
approximated as the minimum orifice size at which particles can
continuously flow out of the hopper. As it will be presented later,
most simulation scenarios yield a critical arching width smaller

Measure sphere —;

X

Fig. 4. Sketch of the wedge-shaped hopper. For the example problem considered in
this work, the following specifications are used: hy=0.18 m, «=30°, and £,=0.01 m.
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than 0.01 m. To facilitate a valid comparison of discharge rates at
the steady state between different simulation scenarios, the move-
ment of hopper walls will be stopped when the orifice size reaches
0.01 m in the simulation. The simulation is completed when all
particles in the hopper are discharged or when clogging happens.

3.3. Simulation scenarios

To demonstrate the impact of particle deformation and shape
irregularity on granular hopper flow, different simulation scenarios
are designed as summarized in Table 2. The first three scenarios
consider different types of particles: spherical particles, irregular-
shaped rigid particles, and irregular-shaped deformable particles.
The irregular-shaped rigid particles are modeled as clumps, i.e.,
collections of spheres with rigid connections [64]. They use the
same fiber and plate templates as the irregular-shaped deformable
particles (shown in Fig. 3) but do not consider particle-wise defor-
mations. These three scenarios correspond to an increase in accu-
racy when representing particles in a DEM model, i.e., from basic
spherical particles, to irregular particles, and to irregular-shaped
deformable particles.

For deformable particles, their deformations are affected by not
only the external loading but also their intrinsic properties (e.g.,
particle stiffness and particle shapes). For example, the fiber-
shaped particles are easier to deflect than the plate-shaped
particles when subject to the same external loading. To gain more
insights into the particle deformability effects, two additional
types of simulations are conducted. In the first type (scenarios E1
and E2 in Table 2), different particle Young’s moduli are consid-
ered. In these scenarios, the bond normal and tangential stiffness
are also scaled by the same factor when a different Young’s modu-
lus is used. In the second type (scenarios S-1, S-2, S-3, and S-4 in
Table 2), different combinations (by mass ratio) of fiber-shaped
and plate-shaped particles are considered. Moreover, as the fabric
of initial particle packing may also affect the hopper flow behavior,
each simulation scenario is repeated five times to account for the
randomness in the initial particle generation process and to
achieve statistically consistent results.

3.4. Calculation of field properties from DEM results

Continuum-sense field properties of the flow media, such as
porosity and Cauchy stress, are not directly available from DEM re-
sults. In this study, a specific post-processing method is developed
to calculate those properties. In particular, a virtual measure sphere
is defined, with its center located at the position of interest and its

Table 2
Simulation scenarios considered in this study. E is the Young’s modulus of a particle.
Scenarios  Description
[ Spherical particles of radius 0.5 mm, E=1e7 Pa
11 Irregular-shaped rigid particles, fiber 85%, plate 15%,
E=1e7 Pa
11 Irregular-shaped deformable particles, fiber 85%, plate
15%, E=1e7 Pa
E-1 Irregular-shaped deformable particles, fiber 85%, plate
15%, E=1e6 Pa
E-2 Irregular-shaped deformable particles, fiber 85%, plate
15%, E=1e8 Pa
S-1 Irregular-shaped deformable particles, fiber 15%, plate
85%, E=1e7 Pa
S-2 Irregular-shaped deformable particles, fiber 30%, plate
70%, E=1e7 Pa
S-3 Irregular-shaped deformable particles, fiber 50%, plate
50%, E=1e7 Pa
S-4 Irregular-shaped deformable particles, fiber 70%, plate

30%, E=1e7 Pa
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radius being ten times the radius of base spheres (as sketched in
Fig. 4). The measure sphere would contain about 400~600 base
spheres, which are deemed to be sufficient for a representative ele-
mentary volume (REV) [8,65]. The field properties (e.g., the poros-
ity or Cauchy stress) at the position of interest are then integrated
from all spheres in the measure sphere (i.e., the REV). To evaluate
the porosity, the solid volume fraction of the REV is first calculated
as the volume of all base spheres in the REV divided by the volume
of the REV. The porosity is then one minus the solid volume frac-
tion. It should be pointed out that, in the current approach, the vol-
ume of contact overlapping is not excluded when calculating the
solid volume of all base spheres. However, the volume of contact
overlapping is negligible considering the low compressive pressure
in the current hopper flow system. To evaluate the Cauchy stress,
the virial stress of each base sphere is first computed in the DEM
model. The Cauchy stress at a point is then calculated as the vol-
ume average of all virial stresses in the REV at that location. The
formulation of virial stress is written as [66,40]

Gij = VLECF,-bj (5)
p

where Z. indicates the summation over all the contacts of a particle,
V,, represents an individual sphere’s occupied volume, F; is the con-
tact force, and b; is the branch vector that connects the centroids of
two particles. Particle stress is calculated using virial stress for both
spherical and deformed particles. Fracture events are not consid-
ered, but the same approach can be used to calculate stress for frac-
tured particles.

4. Results and discussions

In this section, we present results of the hopper flow simula-
tions and discuss key observations. Specifically, we focus on the ef-
fects of irregular shapes and particle deformations on initial
packing, flow characteristics, discharge rates, and stress fields.
Classical solutions including Walker’s theory and the extended
Beverloo formula are also used to compare the stresses and dis-
charge rates obtained from numerical simulations. Results of dif-
ferent shape combinations are briefly presented in the end to
further explore the effects of irregular shapes on deformable parti-
cle flows.

4.1. Initial packing

We start this section by presenting the results of initial particle
packing. Specifically, the initial porosity fields corresponding to
simulation scenarios 1 (spherical), II (irregular-rigid), Il
(irregular-deformable, E =1e7 Pa), E-1 (irregular-deformable,
E = 1e6 Pa) and E-2 (irregular-deformable, E = 1e8 Pa) in Table 2
are reported. For these scenarios, the results of five realizations ex-
hibited similar flow characteristics with no significant deviations.
Thus, only one realization is used to prepare the following plots.

To begin with, Fig. 5 shows the porosity distributions of the ini-
tial particle packing for all five scenarios. It is observed that the
packing of spherical particles exhibits the smallest porosity with
a mean value around 0.4, which is very close to the statistical lower
limit of 0.37 for a random packing with mono-sized, smooth and
rigid spheres. The spatial distribution for spherical particle pack-
ing, as expected, is the most homogeneous among all five scenar-
ios. By including shape irregularities (Fig. 5(b)), the packing
porosity increases to over 0.6 and the spatial variations becomes
more prominent. If particle deformation is further incorporated
(Fig. 5(c)), the packing porosity is in-between those of spherical
and irregular-rigid cases. By comparing irregular-shaped de-
formable particles with different stiffnesses (Fig. 5 general trend
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is observed, that as particle stiffness increases, the porosity of
the initial packing increases. Spatial variations are also prominent
in deformable particle packing.

As a more quantitative comparison, we also calculated the aver-
age porosity of the initial packing for all scenarios and present the
results in Fig. 6. For deformable particles with different stiffnesses,
their averaged initial packing porosity all falls between that of
spherical particles and irregular-rigid particles. Moreover, as has
been observed from the spatial distribution plots in Fig. 5, the
porosity of deformable particles increases monotonically with par-
ticle stiffness. This can be explained by the fact that stiffer particles
exhibit greater potentials to form stable arches, thus leading to
more voids in the packing. As the particle stiffness increases to in-
finity, particles become rigid, while as stiffness decreases to zero,
the bonded spheres behave as independent spheres without con-
necting bonds. Overall, irregular-shaped deformable particles can
be regarded as an intermediate state between spherical particles
and rigid particles.

4.2. Flow characteristics

For flow characteristics, we first focus on the flow patterns of
different scenarios. The flow or discharge rate will be analyzed in
the next section. From simulation results, it was observed that
the hopper systems in scenarios I (spherical), Ill, E-1, and E-2
(irregular-deformable, E = 1e6, 1e7, and 1e8), had continuous dis-
charging until the hopper was completely empty. While in scenario
Il (irregular-rigid), flow did not occur, and particles stopped falling
as soon as the hopper walls stopped moving (recall the testing pro-
cedure described Subsection 3.2: the hopper walls are first raised
gradually, and then fixed when orifice width reaches 0.01 m).

To visualize the flow pattern, particles in the hopper are colored
in layers. Snapshots of the hopper flow simulations during dis-
charging are taken when the percent discharge reaches 30%, 50%,
70%, and 90%, as displayed in Fig. 7. Here, only flow patterns corre-
sponding to scenario I and III are plotted, as scenario II (irregular-
rigid) had clogging issue while scenarios E-1 and E-2 exhibited
qualitatively similar flow patterns to scenario III.

Compared to scenario I where spherical particles are used, two
main characteristics are observed in the flow of deformable parti-
cles. First, the top surface of the particle packing is concave, while
it is a convex shape for spherical particle flows. In physical exper-
iments of hopper flows, the concave-shaped top surface is the one
commonly observed (e.g., grass seed [67]), matching observations
made from the deformable particle flows. Second, the lateral shoul-
ders of the top surface are not exactly leveled during the discharg-
ing, but rather seesawing downwards with one side lower than the
other side alternately (e.g., the surface profiles at 70% and 90% dis-
charge shown in Fig. 7(b)).

For the scenario of irregular-shaped rigid particles, we plot the
settling of particles at clogging in Fig. 8(a). In this scenario, parti-
cles near the hopper orifice fell out due to the rise of the hopper
walls. Once the hopper walls stopped moving, the remaining par-
ticles in the hopper stopped settling and formed a stable arch that
can be visualized by the arch-shaped force chains shown in Fig. 8
(b). After that, no more particles could flow out due to the arching
effects.

In the work of Walker [68], it was proposed that the critical
arching width (i.e., the minimum orifice width for continuous par-
ticle flows) of a granular material is proportional to its shear
strength. Since rigid particles cannot deform, they exhibit more
sturdy interlocking behavior leading to a higher shear strength.
Therefore, rigid particles have a higher critical arching width. This
is consistent with simulations and observations from this study,
i.e,, rigid particles exhibit a larger critical arching width than de-
formable particles of the same shape. In other words, the potential
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of clogging for a granular material in hopper flow will be overesti-
mated by a DEM simulation if particle deformations are not consid-
ered in the model.

4.3. Discharge rate

A quantitative comparison of discharge rates for all five scenar-
ios (I, IL, 111, E-1, and E-2) is presented in Fig. 9. Five random realiza-
tions of the initial particle packing are generated for each scenario,
corresponding to the five curves in each plot. It can be seen from
Fig. 9 that the five random realizations yield consistent discharge
rates, although the variation in the discharge rate increases slightly
with increasing particle stiffness.

Among all five scenarios, spherical particles have the fastest dis-
charge rate (100% discharge at 9.7 s shown in Fig. 9(a)). As men-
tioned before, clogging was observed in scenario II of rigid
particle flows, which is reflected by the constant discharge per-
centage after approximately 7 s in Fig. 9(b). As for deformable par-
ticles (Fig. 9(c-e)), the plot shows that the time needed for a full
discharge increases as the particle stiffness increases. Specifically,
the time for a full discharge corresponding to E = 1e6, 1e7, and
1e8 Pa is 23.6 (0.63), 25.6 (0.81), and 27.3 (1.31) seconds, respec-
tively. The number in the bracket is the standard deviation calcu-
lated based on the five random realizations. A regression analysis
yields the following simple relationship between the time t for a
full discharge and the particle stiffness E

t = 0.8034In(E) + 12.55 (6)

The coefficient of determination R? = 0.9978 for the above relation-
ship. An extreme case of this trend is the rigid particle flows, where
an infinite stiffness corresponds to an infinite discharge time, i.e.,
clogging. These findings show that the discharge rate of granular
hopper flow is negatively correlated to the particle stiffness for
irregular-shaped deformable particles.

4.4. Particle and wall stresses

Particle and wall stresses in granular hopper flow are important
metrics for the design of hopper geometry and operation condi-
tions. Fig. 10 shows distributions of vertical and horizontal particle
stresses at 60% discharge for deformable particle flows with differ-
ent particle stiffnesses (scenarios III, E-1, and E-2). Though some
subtle differences can be observed, the stress fields appear qualita-
tively similar. Particles near the hopper center line, where most of
the flow occurs, are subject to horizontal stresses that are much
larger than their vertical counterparts. The contours of horizontal
stress present arch-like profiles, which become more prominent
as the particle stiffness increases. Such prominent arch-like pro-
files may lead to a slower discharge rate and even clogging (e.g.,



Z. Lai, Y. Xia and Q. Chen

Advanced Powder Technology 34 (2023) 104106

\ A 4

(a)

\ A 4

(b)

v
v
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Fig. 8. The settling pattern (a) and force chains (b) in the hopper flow with irregular-shaped rigid particles, at t = 10 s after the stable clogging issue happened. (Unit of

force: N).

the arch-like profile observed in the clogged rigid particle flows
Fig. 8(b)). Particles in the orifice vicinity experience low stress be-
cause the converging hopper walls support the material above. In
addition, the vertical stress profiles also present significant fluctu-
ations with a clear zonal-like pattern, as can be observed in Fig. 9
(e). The same type of spatial fluctuations was also observed in
the bulk density field in physical experiments of sand flow [69]
and in stress fields in 2D DEM simulations of irregular-rigid parti-
cle flows [8]. In explaining this phenomenon, Baxter et al. [69] has
proposed a theory of decompression waves propagating upwards
at a much higher speed than the flow itself.

To gain insights into the stresses experienced by the hopper
wall, we probe the normal and shear stresses of the hopper wall
at a point located 0.035 m above the orifice for scenario III (de-
formable particles, E = 1e7 Pa) and plot them in Fig. 11(a). While
the normal and shear stresses fluctuate over time, their averaged
values over time (e.g., after 10 s) are asymptotically stable, which
indicates an approximately steady discharge. In order to trace the
correlation between the normal and shear stresses, the mobilized
wall friction, defined as the ratio of shear stress to normal stress,
is plotted in Fig. 11(b). The average mobilized wall friction over

time is around 0.47, which is very close to the specified wall fric-
tion coefficient of 0.5. As a comparison, the average mobilized wall
friction obtained from spherical particle flow is only about 0.29,
which means that about 40% of the wall friction cannot be mobi-
lized without the consideration of irregular particle shapes. A rele-
vant finding was reported in a previous study, where it was shown
that particle shape effect accounts for approximately 40% of the
shear resistance of a granular material [22].

4.5. Comparison with classical solutions

To demonstrate the reliability of the present DEM model, in this
section, we compare stresses and discharge rates from DEM simu-
lations with their corresponding analytical or empirical solutions
available in the literature. Specifically, the analytical solution by
Walker [68] for predicting the vertical stress of particles at the
hopper center and the normal stress on the hopper wall and the ex-
tended Beverloo formula [70] for predicting discharge rate are
adopted. The extended Beverloo formula is a modification of the
original Beverloo law [71] to suit wedge-shaped hoppers with a
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non-circular orifice. Formulations of these two classical solutions
are briefly presented in Appendices B and C.

Table 3 summarizes the parameters of Walker’s solution and
the extended Beverloo formula that will be used in later calcula-
tions. In this table, the bulk friction angle ¢ of the particles is ob-
tained from additional angle of repose tests. The wall friction
angle ¢,, is estimated from the mobilized wall friction in the hop-
per flow simulations. The stagnant angle ¢, is assumed to have the

same value as the wall friction angle. Parameters C and / for the ex-
tended Beverloo formula are determined based on their empirical
values as well as the simulation fittings. Detailed descriptions of
these parameters are included in Appendices B and C.

Fig. 12 shows the comparison of DEM simulations with Walker’s
solution for scenario I (spherical). The stresses are calculated at the
time when the hopper walls start to rise up. At this time, the stress
state transitions from active to passive in which Walker’s theory
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Table 3
Parameters of Walker’s solution (Eq. 22) and and the extended Beverloo formula (Eq. 28).
ho (m) pp (kg/m?) o ¢ bu D C 2 ba
Spherical 0.18 258 30° 18° 16° 1 0.62 15 16°
Irregular-shaped deformable 0.18 209 30° 42° 26° 1 0.58 3.7 42°
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Fig. 12. Comparison of DEM simulations with Walker’s theory for scenario I (spherical): (a) vertical stress of particles along the hopper center line, and (b) the normal stress

of the right hopper wall.

applies. As can be observed, the particle stress and wall stress pre-
sent similar profiles with a clear trend of increasing and then de-
creasing from top to bottom. There are slight fluctuations in the
stress profiles of DEM simulations, but not in Walker’s solution.
Such fluctuations are not numerical artifacts but are due to the dis-
crete nature and dynamic responses of granular hopper flow [14,8].
Overall, both the simulated particle stress and wall stress exhibit
good agreements with the corresponding Walker’s solution.

The particle stress and wall stress for scenario III (irregular-
deformable) are shown in Fig. 13. Similar to scenario I (spherical),
both particle and wall stress profiles for irregular-shaped de-
formable particles present an increasing and then decreasing trend
from top to bottom. However, near the orifice (height-to-head ra-
tio of 0.2-0.4), the particle and wall stresses from DEM simulations
are slightly higher than the counterparts by Walker’s solution. A
possible reason may lie in the hopper filling process, where parti-
cles are rain-falling into the hopper from a certain height. The par-
ticle kinetic energy would prestress the particles when they collide
with each other or the hopper walls, and the prestress remains as a
fact of particle interlocking. In addition to the hydrostatic pressure
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due to self-weight, the prestress due to collision and interlocking
makes the particles exhibit higher stresses than the analytical re-
sults predicted by Walker’s solution. This phenomenon could be
even severer for irregular-shaped deformable particles as they ex-
hibit stronger particle interlocking than spherical particles. Never-
theless, the simulated particle stress and wall stress exhibit a
reasonable consistent trend with Walker’s solution. The results
suggest that, for scenarios considered in this study, the particle
stress or wall stress in the granular hopper flow with irregular-
shaped deformable particles have matched and can be approximat-
ed by Walker’s theory.

The comparison of discharge rates obtained from DEM simula-
tions and the extended Beverloo formula is presented in Fig. 14.
During the first 6 s when the hopper walls are rising up, the dis-
charge rate keeps increasing due to the increasing orifice size. After
the hopper walls stop moving, discharge rate remains statistically
constant most of the time, except for the short period near the end
of the discharge process. For both scenarios I (spherical) and III
(irregular-deformable), the simulated discharge rate matches very
well with the empirical results predicted by the extended Beverloo
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formula. It should be pointed out that although the Beverloo’s pa-
rameters C and 4 are fitted from DEM simulations, they are consis-
tent with the suggested values reported in [71,70]. By comparing
the values of C and 4 for irregular-shaped deformable particles
and spherical particles, we can identify the effects of shape irregu-
larity on the discharge rate from two aspects. First, the shape irreg-
ularity would result in a higher bulk void fraction, leading to larger
values of parameter C. Second, it increases the empty annulus ef-
fect [70, p. 295] and thus leads to larger values of parameter /. A
quantitative correlation between shape irregularity and the Bever-
loo’s parameters would be of great value to industrial hopper de-
sign and merits more detailed studies in the future.

4.6. Effects of particle shape combinations

Lastly, we present the results of different shape combinations
(scenarios III, S-1, S-2, S-3, and S-4 in Table 2) to further explore
the effects of particle shapes on irregular-shaped deformable par-
ticle flows. For brevity, only results of the averaged initial packing
porosity and discharge profiles are presented.

Fig. 15 plots the averaged initial packing porosity for irregular-
shaped deformable particles with different shape combinations. It

11

.O
\,

o
o

Averaged initial porosity
o o
IN o

©
w

0.15

0.3 0.5 0.7
Mass ratio of fiber

0.85

Fig. 15. The packing porosity of irregular-shaped deformable particles with
different fractions of fiber-shaped and plate-shapes particles.

can be seen that the packing porosity decreases as the fraction of
fiber-shaped particles increases. This phenomenon can be ex-
plained by differences of the two particle templates’ resistance to
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bending. Compared to plate-shaped particles, fiber-shaped parti-
cles have a lower moment of inertia, and thus have less resistance
to bending and are more deformable to pack in tighter (i.e., smaller
porosity). In addition, particle geometry is also a factor through
available degrees of freedom. The rotational symmetry about their
axis also allows the fiber-shaped particles to pack tighter.

The discharge profiles for irregular-shaped deformable particles
with different shape combinations are shown in Fig. 16. The trend
of shape combination effects on the discharge profile changes, de-
pending on whether the fiber-shaped particles or the plate-shaped
particles dominate. As plots Fig. 16(a-c) show, when the plate-
shaped particles dominate, more plate-shaped particles lead to
an increased tendency of clogging. This phenomenon can be par-
tially interpreted by the fact that the plate-shaped particles have
a larger geometric size than the fiber-shaped particles. This means
that plate-shaped particles require a larger orifice size to maintain
a continuous outflow. Interestingly, as the ratio of fiber-shaped
particles increases above 50%, the discharge rate gradually decreas-
es (see Fig. 16(c-e)). The time for a full discharge corresponding to
the fiber ratio of 50%, 70%, and 85% is 22.8 (1.07), 23.9 (0.97), and
25.7 (0.81) seconds, respectively. The number in the bracket is the
standard deviation calculated based on five random realizations.
Compared to plates, the fiber-shaped particles have a larger aspect
ratio, which may increase particle interlocking that hinders dis-
charge. When the percentage of fibers is greater than 50%, such in-
creased particle interlocking potentials may offset the effects of
plate-shaped particles’ larger geometric sizes. The observations
made from these simulations shed light on the effects of different
particle shape combinations on granular hopper flow and motivate
future studies on shape effects in deformable particle flows.

5. Conclusions

We have presented a bonded-sphere discrete element model to
simulate and study the flow behavior of irregular-shaped de-
formable particles in a wedge-shaped hopper. In this model, a clus-
ter of bonded-spheres is employed to simultaneously capture
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irregular particle shapes and particle-wise deformations via
inter-particle bonds. Model parameters are calibrated using exper-
imental data of loblolly pine woodchips. To better understand the
effects of irregular shapes, and more importantly, particle defor-
mations on behavior of granular hopper flows, we have set up sim-
ulation models with spherical, irregular-shaped rigid, and
irregular-shaped deformable particles and performed detailed
quantitative analysis of hopper flows. Key findings of this study
are summarized below.

1. The increase of particle stiffness increases the packing porosity
and the packing porosity of irregular-shaped deformable parti-
cles falls within that of spherical and irregular-shaped rigid
particles.

2. The increase of particle stiffness decreases the flow rate in the
hopper. Rigid particles tend to have clogging issues whereas de-
formable particles have less chance to, indicating particle defor-
mation reduces the critical bridging width in the hopper flow.

3. The particle and wall stresses in irregular-shaped deformable
particle flows exhibit significant temporal and spatial fluctua-
tions, but the general trends agree well with Walker’s solution.
Irregular shapes increase the mobilized wall friction by about
40% compared to spherical particles.

4. Discharge rates of hopper flow can be well fitted by the extend-
ed Beverloo formula. However, the correlation between Bever-
loo’s parameters and shape irregularity and particle stiffness
merits further studies.

5. Fiber- and plate-shaped particles have competing effects on dis-
charge rates. When the mass ratio of fiber-shaped particles is
less than 50%, the discharge rate increases with the fiber per-
centage. The trend reverses when the fiber-shaped particles
are more than 50%. The porosity, on the other hand, decreases
monotonically with increasing fiber-shaped particles.

Using the model developed in this study, future work will inves-
tigate a wider range of particle sizes, shapes, stiffnesses, and hop-
per geometries and will approach quantitative relationships
between particle characteristics and hopper flow behavior.
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Appendix A. Hertz-Mindlin contact model

In the Hertz-Mindlin contact model [49-51], the contact force is
evaluated as

F = knbfi — 7, 011 + ko, — 9, D€ (7)

where &, and §; are the normal overlap and relative tangential dis-
placement, respectively; 7 is the particle relative velocity; and i
and f are the normal and tangential directions, respectively;
kn, k¢, 7,, and y, are the normal stiffness, tangential stiffness, normal
and tangential viscoelastic damping constants, respectively, and is
calculated as

kn = %E*\/R*(Sn

ke = 8G"/R6,

8)
9)

P, = 72\/2/3\/5,,m* (10)
Ve = —2\/§ﬁ\/5tm* (11)
S, = 2E*\/R*5, (12)
S =8G"\/R'o, (13)
-G (14)

In®(e) + m2

with E*,G",R", and m* indicating the equivalent Young’s modulus,
shear modulus, particle size, and particle mass, respectively, which
are calculated as

1 1-v 1-12

E K E, (15)
1 22-v)(A+w)  22-)(1+Vy)

G- E, + E, (16)
1 1 1

FTRTR (17)
L:l i (18)
m* m; mp

where the subscripts 1 and 2 indicate particles, and v is the Pois-
son’s ratio.
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Appendix B. Particle and wall stress: Walker’s theory

To calculate the particle stress or wall stress during discharging,
Walker [68] developed an analytic solution based on the slice ele-
ment method. In this solution, the average vertical stress G, of the
particles, and the normal stress o, of the hopper wall at any height
h, can be calculated as

_ _ pygh hy
a”_él{l<ho> } (19)
. 1+ sin¢cos2p
on = Do, 1—sin¢cos2(o+ f) (20)
in which
1 . [sing,,

ﬁfi[¢w+arcsm<sm¢>} (21)

Dsin¢sin2(o + f) (22)

"~ tan o1 —sin¢ cos2(a + f)]

where hy is the initial filled height; p, is the bulk density; g is the
acceleration; o is the hopper half-angle; ¢ is the angle of internal
friction of the bulk material; ¢,, is the angle of internal friction be-
tween the bulk material and the hopper; D is the stress distribution
factor, taken as unity for simplicity [68].

Appendix C. Discharge rate: the extended Beverloo formula

Based on the results of hopper flow experiments with a variety
of materials and hopper geometries, Beverloo et al. [71] proposed
an empirical formula predicting the discharge rate Wp of granular
hopper flow

W; = Cp,v/g(Dy — 2d)** (23)

where C is a unit-less coefficient that depends on the particle fric-
tion and wall friction; Dy is the diameter of the orifice; 4 is a shape
factor accounting for the particle shape effects; d is the particle di-
ameter. The friction-related parameter C normally takes a value in
the range from 0.58 (for high-friction particles) to 0.64 (for excep-
tionally smooth particles) [70]. The shape factor / is about 1.4 for
spherical particles and may take larger values for angular particles
(e.g., 2.9 for sand) [71,70].

The Beverloo formula can be applied to non-circular orifices,
such as square, rectangle or triangle, by taking the modified pro-
posed by Nedderman [70]

4c ;
Wg = ?PbA \/&Dn

where A’ and D}, are the effective area and the effective hydraulic di-
ameter of the orifice after the removal of the empty annulus. As an
example, for a b x | rectangle orifice, A’ and D), are calculated as

A = (b-2d)(I-d) (25)
A
(b+1-2id)/2
As pointed out by Nedderman [70], the Beverloo formula is only ap-
plicable to bunkers or hoppers with a funnel flow behavior. In the
case of mass flow, the effect of the hopper half-angle « becomes im-

portant. Thus, Nedderman [70] proposed to extend the Beverloo for-
mula with a mass flow coefficient F(«, ¢,), such that

W= WBF((xa (rbd)

(24)

D, =

(26)

(27)

in which



Z. Lai, Y. Xia and Q. Chen

(tanotan ¢,) °%°, ifo < 90° — ¢y
1, otherwise

F(o, ¢g) = (28)

where W is the modified outflow rate; ¢, is the angle between the
stagnant zone boundary and the horizontal. The condition
o < 90° — ¢4 can be regarded as a mass flow criterion.
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